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D r a f t EXTREMAL PENTAGONAL CHAINS WITH RESPECT TO BOND
INCIDENT DEGREE (BID) INDICES
Introduction
In theoretical chemistry, the physicochemical properties of chemical compounds are often modeled by the topological indices.
1,2 Topological indices are numerical quantities of molecular graph, which are invariant under graph isomorphism and reflect certain structural features of the corresponding molecule.
3 During recent decades, topological indices are being widely used in studies of quantitative structure-property relationship and quantitative structure-activity relationship studies. 4 A large number of such indices depend only on vertex degree of the molecular graph. 5 A considerable amount of these degree-based topological indices can be represented as the sum of edge contributions of graph. 6, 7 These kind of degree-based topological indices are known as bond incident degree indices 8 (BID indices in short) whose general form [6] [7] [8] is:
where θ a,b is a non-negative real valued function which depends on a and b, ∆(G) is the maximum degree in the graph G and x a,b (G) is the number of edges in G connecting the vertices of degrees a and b. For instance, we mention here some special cases of (1.1), in which the function θ a,b is defined in the following manner: θ a,b = a + b First Zagreb index Reduced reciprocal Randić index 18, 19 Besides, there are many other BID indices in the literature. Details about BID indices can be found in the review 20 , papers 7, 8, 19, [22] [23] [24] [25] and related references cited therein.
A k-polygonal system is a connected geometric figure obtained by concatenating congruent regular k-polygons side to side in a plane in such a way that the figure divides the plane into one infinite (external) region and a number of finite (internal) regions, and all internal regions must be congruent regular k-polygons. A 5-polygonal (pentagonal) system is shown in the Figure 1 . In a k-polygonal system, two polygons are said to be adjacent if they share a side. The characteristic graph (or dualist or inner dual) of a given k-polygonal system consists of vertices corresponding to k-polygons of the system; two vertices are adjacent if and only if the corresponding k-polygons are adjacent. A k-polygonal system whose characteristic graph is the path graph is called k-polygonal chain. A k-polygonal chain can be represented by a graph (called k-polygonal chain graph) in which the edges represent sides of a k-polygon while the vertices correspond to the points where two sides of a k-polygon meet. In the rest of paper, by the term k-polygonal chain we actually mean k-polygonal chain graph. Details about k-polygonal chains can be found in the papers 26, 27 and related references cited therein. The problem of characterizing the extremal 4-polygonal chains (also known as polyomino chains) with respect to BID indices, over the set of all polyomino chains with fixed number of squares, has attracted substantial attention from researchers in recent years. 21, [28] [29] [30] [31] [32] In this paper, we go one step further and attacked the aforementioned problem for the 5-polygonal chains (also known as pentagonal chains or pentachains). More precisely, we establish an efficient formula for calculating the BID indices of pentagonal chains. Then using this formula, we obtain the extremal values for a variety of BID indices over the certain collection of pentagonal chains with fixed number of pentagons and characterize the corresponding extremal pentagonal chains. The main motivation of considering the pentagonal chains in the present study comes from the papers [33] [34] [35] [36] , which are related to different types of pentagonal chains. D r a f t
General Expression for BID Indices of Pentagonal Chains
In order to obtain the main result of this section, we require some basic concepts for the pentagonal chains. In a pentagonal chain, every pentagon is adjacent with either one or two pentagons. A terminal (respectively non-terminal ) pentagon is one which is adjacent with one (respectively two) pentagon(s). A kink in a pentagonal chain, is a non-terminal pentagon which contains an edge connecting the vertices of degree 2. By a linear pentagonal chain, we mean a pentagonal chain having no kink. A pentagonal chain having only kinks and terminal pentagons is called zigzag chain. A pentagonal chain with n pentagons will be denoted by P 5,n . A segment of a pentagonal chain P 5,n , is the maximal linear chain in P 5,n , including kinks and/or terminal pentagons at its end. A segment containing terminal pentagon(s) is called terminal segment and a segment which is not terminal, is known as non-terminal segment. The number of pentagons in a segment S, is called its length and is denoted by l(S). If P 5,n has s segments S 1 , S 2 , S 3 , ..., S s such that l(S i ) = l i (where i = 1, 2, ..., s), then it is easy to see that s i=1 l i = n + s − 1. Two segments are said to be adjacent if they share a pentagon. For any pentagonal chain, we always assume that S i is adjacent with S i+1 , where i = 1, 2, ..., s − 1 and s ≥ 2. An s-tuple (a 1 , a 2 , ..., a s ) is said to be length vector of P 5,n if and only if a i = l i for all i where 1 ≤ i ≤ s. The following definition was introduced for polyomino chains, but here we will use it for pentagonal chains. Definition 2.1.
32 For s ≥ 3 and 2 ≤ i ≤ s − 1,
By a θ-type pentagon of P 5,n , we mean a non-terminal pentagon which is adjacent with a kink and does not have any edge connecting the vertices of degree 2 and 4 (see the Figure 3 ). Let γ(S i ) (or simply γ i ) be the number of θ-type pentagons in the segment S i of P 5,n . Note that 0 ≤ γ i ≤ 2 for i = 1, 2, ..., s. Now, we define the number δ i as follows:
For convenience, we call the s-tuple (γ 1 , γ 2 , ..., γ s ) as γ-vector.
We draw pentagonal chain P 5,n in such a way that each pentagon has either • two horizontal edges and a vertical one, which is adjacent to both horizontal edges; or • two vertical edges and a horizontal one, which is adjacent to both vertical edges.
Moreover, the common edge of any two adjacent pentagons is drawn either vertical or horizontal. Such a drawing of P 5,n is referred as horizontal-vertical representation of P 5,n (see the Figure 3 ). For n ≥ 3, let Ω n be the collection of all those pentagonal chains with n pentagons in which every non-terminal segment of length 3 (if exist) contains no edge connecting the vertices of degree 3. Observe that every pentagonal chain of the collection Ω n can be represented in one of the drawings, given in the Figure 2 . In the remaining part of the paper, we shall consider only the certain horizontal-vertical representations of a pentagonal chain, shown in the Figure 2 . Note that no pentagonal chain can have a non-terminal segment of length 3 containing the edge, which connects the vertices of degree 4. Now, we are in position to establish the general expression for calculating the BID indices of pentagonal chains.
Theorem 2.3. Let P 5,n ∈ Ω n be a pentagonal chain with length vector (l 1 , l 2 , ..., l s ) and γ-vector (γ 1 , γ 2 , ..., γ s ). Then
Proof. One can easily verify the result for s = 1, 2. So, we suppose that s ≥ 3. Let us assume that E 1 (S i ) (where 1 ≤ i ≤ s) is the set of those edges of the segment S i which are cut across by the straight dashed lines L i,1 , L i,2 and let E 2 (S i ) is the set of bold edges of the segment S i (see the Figure 3 ), then
, where E(P 5,n ) is the edge set of P 5,n .
Observe that the sets
.., E s (S s ) are mutually disjoint and hence the collection of these sets is a partition of E(P 5,n ). Because the pentagonal chain P 5,n contains only vertices of degree two, three and four, from Equation (1.1) it follows that
Now, to obtain the required result, it is enough to evaluate x a,b (P 5,n ) for 2 ≤ a ≤ b ≤ 4. Note that x 2,2 (P 5,n ) = s + 3 and
is the number of those edges of the segment S i which connect the vertices of degrees a, b and belong to the set E r (S i ), then
2,3 (S s ) = 2l s + γ s − 3 and for 2 ≤ i ≤ s − 1,
Hence by summing x (r) 2,3 (S i ) over r = 1, 2 and 1 ≤ i ≤ s, one have
Using the fact s i=1 l i = n + s − 1, the above value of x 2,3 (P 5,n ) can be written as
Now, we evaluate x 2,4 (P 5,n ) as follows:
2,4 (
2,4 (S s
2,4 (S i ) over r = 1, 2 and 1 ≤ i ≤ s, gives
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In the same manner, one have
Finally, the identity 2≤a≤b≤4 x a,b (P 5,n ) = 4n + 1 implies that
After substituting the values of x a,b (P 5,n ) (where 2 ≤ a ≤ b ≤ 4) in Equation (2.1), one arrive at the desired result.
Denote by L 5,n and Z 5,n , the linear and zigzag pentagonal chains respectively with n ≥ 3 pentagons. Obviously L 5,n , Z 5,n ∈ Ω n . 
Extremal Pentagonal Chains
In order to characterize the extremal pentagonal chains with respect to BID indices, let us assume that
Then the formula given in the Theorem 2.3 can be rewritten as T I(P 5,n ) = (2θ 2,3 + 2θ 3,3 )n + (3θ 2,2 + 2θ 2,3 − 2θ 2,4 − 2θ 3,4 ) (3.1)
Furthermore, for 1 ≤ i ≤ s, we take
, and
Then the Equation (3.1) becomes, T I(P 5,n ) = (2θ 2,3 + 2θ 3,3 )n + (3θ 2,2 + 2θ 2,3 − 2θ 2,4 − 2θ 3,4 ) + ̥ T I (P 5,n ). Proof. Suppose that P 5,n has s segments S 1 , S 2 , S 3 , ..., S s where s ≥ 2. If s = 2, then by using the Equation (3.2) one have
If s ≥ 3 then by previous case
To calculate the ̥ T I (S i ) for 2 ≤ i ≤ s − 1, we discuss three cases: In all the above three cases, ̥ T I (S i ) is negative and hence from the Inequality (3.4) it follows that
Case 2. If α i = 0 and γ
From Lemma 3.1, the required result follows.
Transformation T 1 . For n ≥ 4, let P 5,n ∈ Ω n be a pentagonal chain with s segments S 1 , S 2 , S 3 , ..., S s such that l i ≥ 3 for some i (1 ≤ i ≤ s) where s ≥ 2. Suppose that P * 5,n is the pentagonal chain obtained from P 5,n by replacing the segment S i with l i − 1 segments S Proof. Among all the pentagonal chains in the collection Ω n , let P 5,n has the minimum ̥ T I value. Note that
It means that P 5,n can not be isomorphic to L 5,n . Suppose that P 5,n has s segments namely S 1 , S 2 , S 3 , ..., S s where s ≥ 2. If the segment S i has length l i ≥ 3 for some i where 1 ≤ i ≤ s. Suppose that P + 5,n is the pentagonal chain obtained from P 5,n by applying the Transformation T 1 . Note that P + 5,n ∈ Ω n . Case 1. S i is terminal segment. From the Equation (3.2) , it follows that
which is a contradiction to the minimality of ̥ T I ( P 5,n ).
Case 2. S i is a non-terminal segment. By using the Equation (3.2), one have
again a contradiction. In both the cases, a contradiction is obtained. Hence, each segment S i has length 2 for all i where 1 ≤ i ≤ s. That is, P 5,n must be isomorphic to Z 5,n . By using the Lemma 3.1, we arrive at the desired result.
Combining the Theorem 3.2 and Theorem 3.3, one have:
with left (respectively right) equality if and only if P 5,n ∼ = Z 5,n (respectively
It can be easily verified that all the hypotheses of the Theorem 3.4 satisfy for the Randić index, first geometric-arithmetic index, harmonic index and sum-connectivity index. Hence, the following result is a direct consequence of Theorem 3.4. 
Theorem 3.6. Let P 5,n ∈ Ω n . i). Suppose that Υ 1 is positive and Υ 2 , Υ 3 are non-negative. Then T I(P 5,n ) ≥ T I(L 5,n ) with equality if and only if
Then T I(P 5,n ) ≤ T I(Z 5,n ) with equality if and only if P 5,n ∼ = Z 5,n .
Proof. i). If P 5,n ∼ = L 5,n , then s ≥ 2 and hence
By using the Lemma 3.1, one get T I(
ii). Among all the pentagonal chains in the collection Ω n , let P 5,n has the maximum ̥ T I value. Note that
Hence, P 5,n can not be isomorphic to L 5,n . Suppose that P 5,n has s segments namely S 1 , S 2 , S 3 , ..., S s where s ≥ 2. If the segment S i has length l i ≥ 3 for some i where 1 ≤ i ≤ s. Suppose that P + 5,n is the pentagonal chain obtained from P 5,n by applying the Transformation T 1 . Observe that P + 5,n ∈ Ω n . Case 1. S i is terminal segment. From the Equation (3.2), it follows that
In both cases, we arrive at
which is a contradiction to the maximality of ̥ T I ( P 5,n ). Therefore, P 5,n must be isomorphic to Z 5,n . By using the Lemma 3.1, we obtain the required result.
The following result is a direct consequence of Theorem 3.6. with the left (respectively right) equality if and only if P 5,n ∼ = L 5,n (respectively P 5,n ∼ = Z 5,n ).
Among the well known BID indices, the atom-bond connectivity (ABC) index has an important place. In 1998, Estrada et al.
14 introduced this index for predicting the heat of formation in alkanes. Later on, Estrada 37 elaborated a novel quantumtheory-like justification for the ABC index. After the second paper of Estrada on the ABC index, this index has attracted a lot of interest in the last several years, both in mathematical and chemical research communities (details about this index can be found in the survey 20 , recent papers 38,39 and related references cited therein). Hence, it seems to be interesting to characterize the extremal pentagonal chains with respect to ABC index in the collection Ω n . For the ABC index, one have
Note that all the numbers Υ 1 , Υ 2 , Υ 3 are negative and hence neither Theorem 3.4 nor Theorem 3.6 can be used to characterize the extremal pentagonal chains with respect to ABC index in the collection Ω n .
Theorem 3.8. If P 5,n ∈ Ω n , then
equality holds if and only if P 5,n ∼ = L 5,n .
Proof. Suppose that P 5,n has s segments namely S 1 , S 2 , S 3 , ..., S s where s ≥ 2. Since Υ 1 , Υ 2 , Υ 3 are negative for the ABC index, hence from Equation (3.2) it follows that
. From Lemma 3.1, the desired result follows.
For n ≥ 4, let P n be a sub-collection of Ω n of all those pentagonal chains with n pentagons in which both the terminal segments have length less than 4 and every non-terminal segment (if exist) has length either 2 or 4. Suppose that P ′ 5,n ∈ Ω n is the pentagonal chain having n ≥ 4 pentagons and minimum ̥ ABC value. From Theorem 3.8 and Lemma 3.1, it follows that P ′ 5,n has at least 2 segments. We shall prove that P ′ 5,n ∈ P n . To do this, we need some preparation.
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Transformation T 2 . Let P 5,n ∈ Ω n be a pentagonal chain with s segments S 1 , S 2 , ..., S s such that l 1 ≥ 4 where s ≥ 2. Suppose that P * 5,n is the pentagonal chain obtained from P 5,n by replacing the segment S 1 with l 1 − 2 segments S are illustrated in Figure 5 .
Lemma 3.9. If P * 5,n and P 5,n are the pentagonal chains shown in Figure 5 , then
Proof. Since γ 1 ∈ {0, 1}, l 1 ≥ 4 and all the quantities Υ 1 , Υ 2 , Υ 3 are negative for the ABC index, by using the Equation (3.2) one have
Remark 3.10. From Lemma 3.9, it is clear that the pentagonal chain P ′ 5,n can not have terminal segment of length greater than 3.
Transformation T 3 . Let P 5,n ∈ Ω n be a pentagonal chain with at least one nonterminal segment S i of length 3. Suppose that P * 5,n is the pentagonal chain obtained from P 5,n by replacing the segment S i with two segments S
each of length 2 (see the Figure 6 ). Lemma 3.11. Let P * 5,n and P 5,n be the pentagonal chains shown in Figure 6 , then ̥ ABC (P * 5,n ) < ̥ ABC (P 5,n ). Proof. From the Equation (3.2) and Equation (3.7), it follows that
Remark 3.12. Lemma 3.11 guarantees that the pentagonal chain P ′ 5,n can not have non-terminal segment of length three. Lemma 3.13. Suppose that P 5,n ∈ Ω n is a pentagonal chain with at least one non-terminal segment S i of length l i ≥ 5. Suppose that P * 5,n is the pentagonal chain obtained from P 5,n by applying the Transformation T 1 . Then the inequality ̥ ABC (P * 5,n ) < ̥ ABC (P 5,n ) holds. Proof. Since l i ≥ 5 and γ i + δ i ≤ 2, by using the Equation (3.2) and Equation Table 1 . Extremal pentagonal chains among the collection Ω n , with respect to several well known BID indices.
Remark 3.14. From Lemma 3.13, it follows that P ′ 5,n can not have non-terminal segment of length greater than 4.
From the Remark 3.10, Remark 3.12 and Remark 3.14, we conclude that P ′ 5,n ∈ P n and hence, from Lemma 3.1 the following result follows. Theorem 3.15. Among all pentagonal chains in the collection Ω n (for n ≥ 4), the pentagonal chain with the minimum ABC index must belong to the collection P n .
We end this paper with the Table 1 , which gives the extremal pentagonal chains among the collection Ω n for some renowned BID indices, discussed in the current study. 
